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In the conformal-gauge two-dimensional quantum gravity, the solution obtained by the perturbative or
path-integral approach is compared with the one obtained by the operator-formalism approach. Treatments
of the anomaly problem in both approaches are dierent. This dierence is found to be essentially caused
by the fact that the perturbative or path-integral approach is based on the T∗-product (covariantized T-
product), which generally violates eld equations. Indeed, this fact induces some extra one-loop Feynman
diagrams, which would not exist unless a nonzero contribution arose from a zero eld. Some demerits of the
path-integral approach are explicitly demonstrated.
document
Introduction Quantum eld theory is undoubtedly a very successful theory except for its mathematically
rigorous foundation. The basic quantities of quantum eld theory are quantum elds, generically denoted
by ϕ(x), which are operator-valued singular functions of N -dimensional space-time xµ. In the standard
formulation, their properties are governed by the action S, which is an N -dimensional integral of the La-
grangian density L (a function of quantum elds at the same space-time point). Field equations and canonical
(anti)commutation relations are derived from S by the standard procedure. Equal-time (anti)commutation
relations follow from the canonical ones.
Field equations and equal-time (anti)commutation relations dene the operator properties of quantum
elds, that is, it is supposed to determine the operator algebra of quantum elds. Next, this operator
algebra is represented in terms of state vectors, whose totality forms an innite dimensional complex linear
space equipped with (indenite) inner product. This way of formulating the theory is operator-formalism
approach. Evidently, this way of thinking is most natural as the formulation of quantum elds. Nevertheless,
this approach has never been seriously considered as the standard approach to quantum eld theory. The
main reasons for this are as follows. First, it has been unknown how to nd the solution in this approach.
Second, it has been unknown how to deal with the divergence problem which arises from the singular nature
of quantum elds.
The present-day’s standard approach is covariant perturbation theory. It is based on the action S,
rather than eld equations. Decomposing it articially into its free part and its interaction part, one obtains
all Green’s functions explicitly in terms of Feynman diagrams. Furthermore, renormalization theory tells us
how to deal with the divergence problem: divergent contributions are absorbed into counter terms.
Path-integral formalism gives us the generating functional, Z, of the Green’s functions. If path integral
is dened as the innite multiple integrals with respect to the expansion coecients of quantum elds in
terms of their free wave functions, Z reproduces the perturbative expressions. If path integral is dened by
using an expansion in terms of the functions other than free wave functions, it is not clear whether or not Z
yields the Green’s functions which reproduce the perturbative ones (if expanded), but it is usually supposed
that there exists an appropriate path-integral measure giving the expected results. Although we cannot
accept this assumption without reservation,footn1footn) *-20ptfootn)This problem is particularly relevant in
quantum gravity because gravity’s free wave functions are rather articial quantities. For example, the
sum over all possible manifolds having a particular metric signature cannot be realized by a simple innite
multiple integral with respect to expansion coecients because a denite metric signature requires to insert
a product of θ functions of the determinant and principal minors of gµν into the path integral. we do not
strictly distinguish perturbative approach and path-integral one in the present paper.
By taking the logarithm of Z, one obtains the generating functional, W , of connected Green’s functions.
Moreover, the eective action Γ, which is the generating functional of amputated proper Feynman diagrams,
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is obtained as the functional Legendre transform of W . The renormalization is neatly carried out in Γ and
therefore the anomaly problem is usually discussed also in Γ. It should be noted here that perturbation series
is not unique because the decomposition of the action into its free part and its interaction part is generally
altered by a nonlinear redenition of elds. Accordingly, the eective action Γ is a quantity which generally
changes under the redenition of elds. Thus, in the path-integral approach, neither renormalization proce-
dure nor the anomaly problem are quite independent of the choice of quantum elds. This point becomes
crucial when unphysical elds, whose natural denitions are not necessarily unique, play important roles as
in quantum gravity.
Now, we have recently succeeded in formulating the method of nding the solution in the operator-
formalism approach.AN1 Our method is as follows. From the eld equations and equal-time (anti)commutation
relations, we explicitly construct all independent N -dimensional (anti)commutation relations, by expanding
them, if necessary, into the power series with respect to the parameters involved. We then calculate indepen-
dent N -dimensional multiple (anti)commutators. The representation of the eld algebra in terms of state
vectors is constructed by giving all n-point Wightman functions (n = 1, 2, . . . ), i.e., vacuum expectation val-
ues of simple products of n quantum elds, ϕ1(x1)ϕ2(x2)   ϕn(xn), so as to be consistent with the (n−1)ple
(anti)commutators and with the energy positivity conditions.footn1footn) *-20ptfootn)The Wightman function
is a boundary value of an analytic function of the variables xi0−xj0 (i < j) from the lower half-planes. Here,
in contrast with the axiomatic eld theory,SW we need the Wightman functions involving composite elds,
where a composite eld is a product of elds at the same space-time point. When we set some of space-time
points coincident in a higher-point Wightman function, we generally encounter divergent terms, which must
be simply discarded in such a way that the resultant be independent of the ordering of the constituent elds
of the composite eld (\generalized normal product rule"). In this procedure, we do not introduce anything
like a counter term. This is because a well-dened representation of the eld algebra should be free of di-
vergence; our standpoint is similar to that of the Lehmann-Symanzik-Zimmermann formalism,LSZ in which
they developed the renormalized perturbation theory without encountering any unrenormalized quantities.
Of course, it is extremely dicult to carry out our way of nding the solution in realistic models.
But, fortunately, we can explicitly construct the exact solutions in some two-dimensional models by our
method.AN2,AN3,AN4,AN5,Ikeda Our results are seen to be quite satisfactory, but we encounter an anoma-
lous phenomenon, which we call \eld-equation anomaly", in quantum-gravity modelsAN2,AN3,AN4,AN5
(but not in gauge-theory modelsIkeda): By construction, our Wightman functions are consistent with
all two-dimensional (anti)commutators but not necessarily consistent with nonlinear eld equations be-
cause there we encounter products of elds at the same space-time point. In any of the quantum-gravity
models which we have exactly solved so far, one of eld equations is slightly violated at the level of
representation.footn0footn1footn) *-20ptfootn)The violation is slight in the sense that an anomaly-free equation
can be obtained by dierentiating the original eld equation once or twice. This is the eld-equation anomaly.
It is dierent from the conventional anomalies which arise in connection with particular symmetries. Rather,
as claried in our previous work,AN6 various conventional anomaliesAN7 are systematically explained on
the basis of the eld-equation anomaly and their ambiguities are shown to be caused by the nonuniqueness
of perturbation theory. In this sense, we regard the eld-equation anomaly as a more fundamental concept.
The purpose of the present paper is to make comparison between the solution obtained by the pertur-
bative approach and the one obtained by the operator-formalism approach explicitly in the conformal-gauge
two-dimensional quantum gravity. The exact solution of this model obtained previouslyAN4 can be written
in terms of tree diagrams only. If the same were true also in the perturbative solution, no anomaly could
be present. As is well known, however, this model has the conformal anomaly except for D = 26, where D
denotes the number of the scalar elds which can be interpreted as the string coordinates. We trace the cause
of this paradox and nd that the perturbative approach induces some one-loop Feynman diagrams, which
would not exist unless a nonzero contribution arose from a zero eld. The cause of this strange phenomenon
is found to be the use of T∗-product (covariantized T-product) of quantum eldsfootn1footn1footn) *-20ptfootn)
T∗-product is a T-product modied in such a way that ∂10T∗ϕ1(x1)   ϕn(xn)=T∗∂10ϕ1(x1)   ϕn(xn). in
the perturbative or path-integral approach. More generally, in the present paper, we clarify that various
anomalous behaviors of this model found in the perturbative approach are caused by the use of T∗-product.
In the present paper, we compare the perturbative or path-integral approach with the operator-formalism
approach in the conformal-gauge two-dimensional quantum gravity,
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whose Lagrangian density is given in x2. In x3, x4 and x5, respectively, we discuss this model by the
operator-formalism approach, by the perturbative approach and by the path-integral approach. In x6, we
criticize the so-called \FP-ghost number current anomaly". The nal section is devoted to discussions.
Preliminaries Throughout the present paper, we consider the BRS formalism of the conformal-gauge
two-dimensional quantum gravity, in which the conformal degree of freedom is already eliminated.Yang
Quantum elds are contravariant tensor-density gravitational eld ~gµν , FP ghost cµ, FP anti-ghost c1ptµν ,
B eld ~bµν and scalar elds φM (M = 0, 1, . . . , D − 1). Their BRS transforms are as follows: eqnarray
δ∗ ~gµν = ~gµσ∂σcν + ~gνσ∂σcµ − ∂σ(~gµνcσ), δ∗ cµ = −cσ∂σcµ, δ∗ c  1ptµν = i~bµν , δ∗ ~bµν = 0, δ∗ φM = −cσ∂σφM .
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